Microsupport of tempered solutions of P-modules 
associated to smooth morphisms 
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Abstract 

Let / ; X — > y be a smooth morphism of complex analytic mani- 
folds and let F be an M-constructible complex on Y. Let be a coher- 
ent X'x-module. We prove that the microsupport of the solution com- 
plex of A4 in the tempered holomorphic functions t'Hom{f^^F, Ox), 
is contained in the 1-characteristic variety of associated to /, and 
that the microsupport of the solution complex in the tempered micro- 
functions t^hom{f^^F,Ox) is contained in the 1-microcharacteristic 
variety of the microlocalized of Ai along T*Y Xy X. This applies in 
particular to the complex of solutions of A4 in the sheaf of distributions 
holomorphic in the fibers of an arbitrary smooth morphism. 

1 Introduction 

Let X be a complex analytic manifold. Let Ox denote the sheaf of holomor- 
phic functions on X and let Vx denote the sheaf of holomorphic differential 
operators. 
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Let D^_^{Cx) denote the full subcategory of the derived category D^{Cx) 
of the complexes with M-constructible cohomologies (we shall call such a 
complex an R-constructible sheaf for short) . 

Let t7iom{. , Ox) denote the functor of moderate cohomology introduced 
by M. Kashiwara in ([12] ) and studied by M. Kashiwara and P. Schapira in 
(|14j). This functor is defined on D^_^{Cx) and, in particular, when M is 
a real manifold and X is a complexification of M, by taking as F the dual 
D'{Cm) of the constant sheaf on M, we get tTi.om{F, Ox) = DbM, the sheaf 
of Schwartz distributions on M. 

The notion of microsupport of an object G in D^{Cx), SS{G), was intro- 
duced by M. Kashiwara and P. Schapira ([13j), as a subset of the cotangent 
bundle vr : T*X X, and it describes the directions of non propagation for 
G. 

Let be a coherent Px-module. In other words, locally, M is a system 
of partial differential equations on X. The estimation of the microsupport 
of the solutions of Ai in tTiom{F, Ox) is a challenging problem in Algebraic 
Analysis, since the growth conditions require far beyond algebro-geometrical 
tools. One of this tools is the so called Levi-condition introduced in [7] for 
one operator and generalized by the notion of 1-microcharacteristic variety 
of a microdifferential system along an involutive submanifold of T*X ( [23], 

[22], m)- 

Several particular cases have been settled such as the case of a microdif- 
ferential operator and the sheaf of tempered microfunctions (also introduced 
by [1]) in [8]. When A4 has real simple characteristics, the microsupport of 
the distribution solutions of A4 was studied in [6] and [2]. 

More recently, for a C-constructible object F, we proved in [2lj that the 
microsupport of the solutions of Ai in t7iom(F, Ox) is controlled by the 
1-microcharacteristic variety of the microlocalised of Ai along any smooth 
involutive manifold containing the microsupport of F. For that we used 
the crucial fact that, by [12] (see also[ll]), t7ioiii{F, Ox) is an object of the 
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bounded derived category of regular holonomic I?x-modules which has no 
counterpart in the general case. 

Also, in [TB], assuming that A4 is regular along a sub-bundle V oi T*X 
in the sense of [16], for any F € D^_^{Cx), we obtained 

SS{Rnomvj,{M,tnom{F,Ox))) C V+SS{F)'' 

(here a denotes the antipodal map on T*X and the operation + was defined 
in US]). 

In the case of an arbitrary M-constructible object F, one first difficulty 
is that F needs not, in general, to be concentrated in degree zero. However, 
this property is satisfied hy F = Cjj, the constant sheaf supported by a 
Stein subanalytic relatively compact open subset U (see [9] and [18]). 

The purpose of this paper is to study the propagation (i.e. microsupport) 
for the solutions of a coherent Px-™odule (or, more generally, of an object 
of the derived category) in t'Hom{f"^F, Ox) where / : X — > y is a smooth 
morphism of complex manifolds and F E Z?^_^(Cy). For that, we shall use 
the notion introduced in[19j of 1-characteristic variety of a coherent Vx- 
module with respect to a smooth morphism f : X ^ Y, where it is denoted 
by Cj{A4). It is a variant of the the notion of 1-microcharacteristic variety 
for -modules and it is a conic closed involutive analytic subset of the 
relative conormal bundle T*{X\Y). 

More precisely, denoting by / the canonical projection T*X — > T*{X\Y), 
in Theorem 12.101 we prove that, for any G G I?^_^(Cy), we have 

SS{Rnomv^{M,tnom{f-^G,Ox))) C f-\C}iM)). (1) 

Our main inspiration is the analysis developped in [7] , which we partially 
adapted in order to obtain a Cauchy-Kowaleskaia theorem of precise type 
with data satisfying tempered growth conditions on a Stein subanalytic open 
subset of the form f~^0,. 

We then apply this estimate to the tempered microlocalization functor 
tiihom{f~^F,Ox)- Let £x denote the sheaf of microdifferential operators 
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on X. Noting A4 := £x ®tt^iVx ^ regular involutive submanifold 
X X T*Y of T*X, pv : T{T*X) Tv{T*X) the canonical projection, 

Cy.{M.) C Tv(r*X) the 1-microcharacteristic variety of along V = V\ 
T^X, and identifying T*{T*X) to T{T*X) by the Hamiltonean morphism, 
we obtain in Theorem 16.21 

SS{Rnom£^{M,t^^hom{f-\F),Ox))) C py\Cl.{M)). 

The paper is organized as follows: 

In the Section 2 we pass under review the construction of Cj{A4) and 
stateTheorem [2T0l 

In Section 3 we prove a variant of Grauert's Theorem for subanalytic 
relatively compact open subsets of M". 

In Section 4 we study the behaviour of the microsupport and of the 
1-characteristic variety under realification. 

In Section 5 we study the Cauchy problem and propagation to end with 
the proof of the main result. We start by treating the Cauchy problem for 
t7^om(/^^Cn, Ox), for a given open subanalytic set Q £Y. More precisely, 
setting G = , we prove a Cauchy-Kowalevskaia-Kashiwara theorem (The- 
orem l5.2| ) with data in tHom.{f~^G,Ox)\H and tHom.{{f~^G)H,OH), where 
H is a closed submanifold non 1-characteristic for a coherent Px-module 
Ai with respect to /. This is performed by reduction of / to the case of a 
projection f: X = ZxY^Y, and to = T>x/T^xP for an operator P. 

Then, given H a submanifold of X non 1-characteristic for P with re- 
spect to /, we obtain a precised Cauchy-Kowalevskaia theorem with data 
respectively in rL^{morii{f-^Cu ,Ox)) and in n°{tnom{{f-^Cu)H,OH)) 
(cf. Proposition 15. 1|) . 

Together with a Zerner type theorem (cf Lemma l5.3p . this entails esti- 
mate (1) in the case G = Cq, being a subanalytic Stein open set of Y, 
and hence (1) holds for G = Cs, under the assumption that S" is a subana- 
lytic subset of Y complementary to a finite union of Stein subanalytic open 
subsets. The proof of Theorem I2.1UI is then reduced, by the realification 
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procedure, to the case f~ Cjj, for an open subanalytic relatively compact 
subset [/ in a real manifold N complexified by Y. 

As an example of application we obtain (cf Corollary 12. 14|) : 
Let X be a complex manifold, let y be a d-dimensional manifold com- 
plexifying a real analytic submanifold N and let / : X ^ 1" be a smooth 
morphism. Then t7{om.{D'{f^^Ci\i),Ox) is concentrated in degree d and 
7{'^{tTlom{D'{f^^Cj\j),Ox)) can be understood as a sheaf of distributions 
with holomorphic parameters which we shall denote, for the sake of simplic- 
ity, Dbx\N- We then obtain: 

SS{Ymo^vAM,Dbx\N)) C r\C}{M)). 

Section 6 is dedicated to microlocalization. After reviewing the notion of 1- 
microcharacteristic variety and the tempered microlocalization functor, we 
state and prove Theorem 16.21 

It is a pleasure to thank M. Kashiwara, P. Schapira, G. Morando, L. 
Prelli, A.R. Martins, S. Guillermou, for their helpeful attention and, in 
particular, to D. Barlet whom I owe the essential idea to prove Theorem 
[3:21 

2 Review on tTiom, the 1-characteristic variety as- 
sociated to a smooth morphism and estimate for 

tTiom 

We will mainly follow the notations in [13], [T4j and the construction in 1.3 
of [19]. 

Let X be a real analytic manifold. Let TX be the tangent bundle to 
X and T*X the cotangent bundle, with the projection vr : T*X X. We 
identify X with the zero section of T*X. Given a smooth submanifold Y 
of X, let TyX be the normal bundle to Y and let TpX be the conormal 
bundle. 
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For a submanifold Y of X and a subset S of X, we denote by Cy(S') the 
normal cone to S along Y, a closed M+-conic subset of TyX. 
For a morphism f : X ^ Y of manifolds, we denote by 

X xy T*Y T*Y and fd'-Xxy T*Y T*X 

the associated morphisms. Recall that when / is smooth, fd is an embed- 
ding, and that when / is an embbeding, /^r is smooth. 

Let us assume that / is smooth. Set V = X XyT*Y. Then /^r is smooth 
and, by /d, y is a sub-bundle of T*X. Recall that the relative cotangent 
bundle is defined by the exact sequence 

0-^ X X T*Y T*X T*(X\Y) 0. 
Y h f 

Remark 2.1. Let X,Y be real manifolds, and \et p : X x Y ^ X , q : 

T*{X X y) ^ T*X be the projections. Identifying Y with the zero section 
of T*Y, we have T*X x Y C T*{X x Y). Let A C T*X x Y. Then 
PnPd\A) = q{A). 

For a subset A of T*X, we denote by A"" the image of A by the antipodal 
map 

a : {x,0 ^ {x; -0- 

The closure of A is denoted by A. Let 7 C TX be a cone; the polar cone 
7° to 7 is the convex cone in T*X defined by 

7° = {(x;^) € TX;x G 7r(7) and Re{v^£) > for any {x;v) E 7}. 

Given A and B two closed M^-conic subsets of T*X one associates a 
closed M"^-conic subset A+B of T*X (cf. Definition 6.2.3 and Proposition 
6.2.4 of [13]). 

Let J : y —5- X be an embedding of manifolds. The notion of j*, a 
correspondence introduced in [13| associating conic subsets of T*Y to conic 
subsets of T*X is characterized by the following result: 
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Proposition 2.2 (cf.Remark 6.2.8 of [13j). Let K be a conic subset ofT*X. 
Let {x',x") be a system of local coordinates on X such that Y = {x' = 0}. 
Let (x', x"; be the associated coordinates on T*X. Then 

(xq;^o) £ if and only if there exist a sequence {{x'n, x'^', Cn> Cn)}n 

in A such that 

Xn ^ 0) ^ ^0' '^n ^ Co ' \-^n 1 I ^ 0- 

n n n n 

We denote by D^{Cx) the triangulated category of complexes of C- 
vector spaces with bounded cohomologies and by D^_^{Cx) (respectively 
Dq_^{Cx)) the triangulated category of complexes with bounded and M- 
constructible cohomologies (respectively with C-constructible cohomologies) . 
For F e D\Cx) we set D'{F) = Rnom{F,Cx)- 

For any F G D^{Cx), one associates its microsupport SS{F), introduced 
by Kashiwara and Schapira in [13], a closed IR+-conic involutive subset of 
T*X given by: 

Definition 2.3. Let F G D^{Cx). Let p G T*X. Then p ^ SS{F) if and 
only if there exists an open conic neighbourhood U oi p such that for any 
X G 7r(C/) and any M-valued C"-function ip defined on a neighbourhood of x 
such that 9?(x) = 0, dip{x) G U, one has 

^{v>0}i^)^ = for any j. 

We shall need need the following properties of SS{-) proved in [13]. Given 

(xo,6) G X (M")* and e G M we set: 

He{xo,^o) = {x£ M"; {x - xq, Co) > -e}, 

and if there is no risk of confusion we will write Hs instead of H^(xq,(^q). 

Proposition 2.4 (jilSj). Let Q be a local chart in a neighbourhood of p such 
that is identified to an open subset of and p = (xqi^o)- Then there 
exist a proper closed convex cone 7 C M", e > and an open neighbourhood 
W of xq with ^0 G Int{'^°) such that {W + Dlfe d X and 
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H^{X; C(^+^a)n//^ F) = 0, for any j, x eW. 

Proposition 2.5. Given a distinguished triangle F' ^ F ^ F" — ^, one 

has 

SS{F) c SS{F')USS{F"), 
{SS{F')\SS{F")) U {SS{F")\SS{F')) c SS{F). 

Proposition 2.6. Let Y and X be real analytic manifolds and let f : Y ^ X 
be a smooth morphism. Let F € D''{Cx)- Then 

SSU-'F) = fd{f-\SS{F)). (2) 

Given a morphism g : X ^ Y oi real manifolds, we note orx\Y the 
sheaf on X of relative orientations. We note Dbx the sheaf of Schwartz 
distributions on X. 

On a complex manifold X, we consider the sheaf Ox of holomorphic 
functions and the sheaf Vx of linear holomorphic differential operators of 
finite order as well as its subsheaves Dxi'm) of operators of order at most m. 
We denote by Mod{T>x) the abelian category of Px-modules and denote by 
Modcoh{T^x) the abelian category of coherent Px-modules. 

Given a morphism / : y — > X of complex manifolds we shall consider 
the associated (derived) functors /"^ from D^{Mod{Vx)) to D^{Mod{VY)) 
and i?/*, from D^ModiVv)) to D\Mod(Vx)). 

The functor of moderate cohomology from D^_^{Cx) to D^{Vx)-, tHom{-, Ox), 
was introduced in p^. For a detailed study we refer to [T3]. Recall that, 
when X is a complexification of a real analytic manifold M of dimension n 
and F = D'{Cm), we have tTCo'm{F, Ox) — T^bM- We shall use the following 
properties: 

(i) For an open subanalytic subset U of C", one has 

7^°mom(C[/,Ox) = Cx^ 
where the sheaf is defined by: 
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T{n; O*"^) = {/ G T{n n U; Ox); for any compact Kcft there exist an 

integer k > and a number Ck > such that sup \f{z)d{z,6U)^\ < Ck}- 

Knu 

(ii)([T8], [9]) Assume that U is Stein relatively compact. Then tHoin{Cu, Ox) 
is concentrated in degree and, for any open Stein subset V, for any j > 1, 

WiV;tnomiCu,Ox))=0. (3) 

For A4 € D'^^f^{'Dx)j denote by Char{M.) denote its characteristic vari- 
ety. 

Let us now consider a smooth morphism f : X ^ Y oi complex mani- 
folds, let M. S Modcoh{T^x) and let us recall the construction of Cj(A^) due 
to Schapira in [T9]. The ring of differential operators relative to / is 

Vx\Y eVx-AP,r^OY] = Q} 

which is endowed with the filtration by the order induced by the order on 
Px- We note a the associated principal symbol. The 1-characteristic variety 
of M. with respect to / is a closed conic analytic subset of T*{X\Y) which, 
assuming that M. = T)xl J for a coherent ideal of T>x^ is given by: 

Proposition 2.7. fJW^) IfO—>-C—>-Ai—>-M^Oisan exact sequence of 
coherent Dx-niodules, then 

C}{M) = C}{£.) U C}{M). 

We can extend this construction to D^^^^{'Dx), setting, for A4 G D'^^f^{'Dx), 

C}{M) :=UjC}iW{M)). 

Lemma 2.8. Let X, Y, Z be complex manifolds, let f : X ^ Y be a smooth 
morphism, note f = f x idz : X x Z ^ Y x Z, and note p : X x Z ^ X 
and q : T*{X x Z) ^ T*X the projections. Then, for any M G D^oh('^x)> 
one has q-^f-\C}{M)) = l \cUp'^M)). 
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Proof. By classic tools, we may assume that M. is concentrated in degree 
zero and is of the form M. = Vx/J, for a coherent ideal J of Vx- Let us 
conseder a system of local coordinates (x) on X, [z) on Z and (y) on Y. 
Then 

J~^{C^{p-^M)) = {{9,6') G T*X X T*Z-a{P)id,d') = 0} 

where P varies in VxxZlYxZ {1^XxzJ,T^XxzDz) and the result follows 
by the equality VxxZ\Yxz n {T>xxzJ,'DxxzDz) = VxxZ\YxZ n VxxzJ- 
q.e.d. 

For a submanifold H (Z X, we shall say that if is non 1-characteristic 
for M with respect to / if T^X n f-^{Cj{M)) C T^H. 

Remark 2.9. Let £x denote the sheaf of microdifferential operators on X. 
Denoting by V the sub-bundle X x T*Y of T*X, Cl{M) is the differential 
version of the 1-microcharacteristic variety of the microdifferential system 
Sx ® TT-^M along V \ T^X. 

We state now the main result of this work: 

Theorem 2.10. Let X and Y be complex manifolds, let f : X ^ Y 
be a smooth morphism. Then, for any F G £)^_^(Cy) and any M G 
ModcohiPx), we have 

SS{RnomvAM,tnom{f-^F,Ox))) C f-^{C}{M)). (4) 

We illustrate our result with simple examples: 

Example 2.11. Let X = = x and let / : X ^ Cy be the 
projection. Let P(z, Dz,y) G T^x\Y be the operator — y. Consider the 
Px-module M = T>x/{P)- Then, in the canonical symplectic coordinates 
{z,y-^,T) in T*X, C){M) = = 0} hence (0,0; 1,0) i C){M). Let 
F = Cu with U = {y;^y > 0} and let ii+ = {{z,yy,^z > 0}. We have 
tnom{f-^Cu,Ox) = O^-^""^. 
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Since e~y^{Dz - y)e^^ = Dz, M is regular along V = {(z, y; ^, r); ^ = 0} 
in the sense of |16j . hence this example is also an application of [15]. Let 

be an open polydisc of X with center (0, 0) and radius 1 ^ e > 0. Let g G 
T{B^nH+;mom{f-^Cu,Ox)) (respectively g G T{B^;tnom{f~^Cu,Ox))). 
Then, equation Pu = g has a solution u in T{B^ n n C x [7; Ox) (re- 
spectively in T(B^ n C X [7; Ox)) since solving (D^ — y)f = g is equivalent 
to solve Dz{e~^y f) = e^^^g. In both cases it becomes clear that in fact u 
defines a section of tHom{C x U, Ox)- 

Suppose now that u G T{B^ n H+; mom{f^'^Cu, Ox)) is such that Pu 
extends, for some e', to a section in T{B^']tTCom{f^^Ci/,Ox))- Since u ex- 
tends in the z variable by classical Zerner's Lemma, and the general solution 
of the homogeneous equation Pu = in t7iom{f~^Cu, Ox)) is of the form 
C{y)ey^, with C{y) G t7iom{Cu , Oy) , the extension of u defines a section 
mriB,r,tnom{f-^Cu,Ox)). 

Example 2.12. In the situation of 1. let Q{z, Dz,y) = z^Dz + and 
let Af = Vx/{Q). Let < e < 1. Then C}{M) = {z = 0} U = 0}. 
Therefore (0,0; 1,0) G f-'^{C}{M)). LetU CY be equal to > 0}. Con- 

2 / 

sider a solution u = C{y)e^^ of the homogeneous equation, with C{y) G 
r{B„tnom{Cu,OY)). Clearly, u G r{{Rz > 0}xB,{0),tnom{f-^Cu,Ox)). 
However u does not extend to any open set containing points of the form 
(0,y). 

Example 2.13. Let X = Czi x C^j x Cy, let P(zi, 22, y; , -D^j) = — 

yDz2 G Vx\Y and let M = Vx/{Dz^ - yDz^). Let f : X ^ Cy be the 

projection and let U = {y; ^y > 0} as in the previous examples. Then 

f-^CjiM)) = {(zi,Z2,2/;6,6,t);6 = 2/^2}, hence (0, 1, 0; 1, 0, 0) is 1-non 

characteristic for A4 with respect to /. Given < e ^ 1, the solution of the 

Cauchy problem Pu = 0, u\zj^=o = l/ye^/^^, for \zi\ < e, ^y > 0, \y\ < e and 

1 

1^2 — Ij < e is n = l/yes'^i+^a which is a section of tTCom{f~^U,Ox) since 
1 

gj;zi+z2 it is holomorphic for \zi\ < e, \y\ < e and \z2 — 1\ < e . 

Assume that y is a complexified of a real analytic manifold N and let d = 
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diniY. Let f : X ^ Y he a smooth morphism with dimX = n. Then one 
easily checks that t7Yom(Cj-i(jv)) C'x) is concentrated in degree d. In par- 
ticular, when / is a projection, we can describe ?Y'^(t7^om(Cj-i(7v); C'x)) ® 
ovj-i^^-^^x a sheaf of distributions with holomorphic parameters which 
we denote by Dbx\N foi' short. We get the following estimate, which is to 
relate with the results in [7]. 

Corollary 2.14. Let M G Modcoh{T^x)- Then, 

SS{RnomvAM,Dhx\N)) C ~r\C}{M)). 

3 Grauert's theorem and subanaytic open sets in 
real anaytic manifolds 

By open neighbourhood of an open subset 17 of we mean an open subset 
il' of C" such that n il' = 17. A well known result of H. Grauert (Proposi- 
tion 7, [4J) implies that any open subset of M" admits a fundamental system 
of Stein open neighbourhoods in C". 

We shall prove a similar however weaker result (Theorem 13.21 below), 
under the assumption that $7 is subanalytic relatively compact. For that 
purpose, we need the following essential tool due to H. Hironaka (cf [5], [3]). 
Recall that a subset Q of M" is a quadrant if there is a partition of {1, n} 
into disjoint subsets /o,/+,/- such that Q = {x = (xi,...,x„) G M" : Xi = 
Q if i S Iq, Xi > 0, if i G /+, and x, < 0, if i £ I-}. By definition, a 
quadrant is a semianalytic subset and is open when Iq is empty. 

Theorem 3.1. Rectilinearization Theorem (f^) 

Let S be a real analytic manifold of dimension n. Let K be a compact 
subset of S. Let X be a subanalytic subset of S. Then there exist finitely 
many mappings (pi : M" — > S such that: 

(1) For each i, there is a compact subset Li ofW^ such that \_}i4>i{Li) is 
a neighbourhood of K . 
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(2) For each i, (p- (X) is a union of quadrants in M". 

Theorem 3.2. Let Vt he a relatively compact subanalytic open set of a real 
analytic (paracompact) manifold S. Then, given a complexification S' of S, 
there exists a finite family of subanalytic Stein open subsets of S' , Ui, such 
that n = (UUi) n S. 

Proof. The proof of the case where Q is semianalytic is due to D. Barlet in 
private communication and it inspired us the proof of the general case. 

Let be a relatively compact subanalytic open subset of S. Taking 
X = 0, in Theorem 13. 11 we may cover Q by a finite number of open subsets 
0,i such that Jlj fi is a finite union IJ^ (piiQij), where each Qij denotes an 
open quadrant of M". It is sufficient to prove that each ^liOfl satisfies our as- 
sertion. Namely, we may assume that is the image of single open quadrant 
Q by a suitable morphism By the proof of Theorem 13.11 the restriction 
of to a suitable open polydisc of polyradius {R,...,R), -B/j(0) C M", is 
a proper modification with center in the boundary of il., hence (plgnBnio) '■ 
QnBji(0) ^ is an analytic isomorphism. Since the family of Stein subana- 
lytic open subsets is closed under finite intersection, we may assume without 
loss of generality that Q = {x € M",xi > 0}. Let cf)'^ be a complexification 
of (f) defined in the complex polydisc i?/j(0) C C" and let Q" denote the 
Stein open subset of C" given by -Bi?(0) n{z = {zi, ...,Zn), Kzi > 0}. We get 
r2" n M" = Q n Bj^{0). Moreover, is an analytic isomorphism. Hence 

:= is a Stein open subanalytic set of S' satisfying Q' n S = ^. 

q.e.d. 

4 Realification for a smooth morphism, microsup- 
port and 1-characteristic variety 

Let / : X — > y be a smooth morphism of complex manifolds. Let us 
denote by Y the underlying topological space Y endowed with the complex 
conjugate structure and, identifying Y to the diagonal A C y x y by the 
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canonical embedding /, let us regard Y x Y as a complexification of Y. Let 
us denote hy j : X ^ X xY the associated morphism and p : X xY ^ X 
the associated projections. 

Proposition 4.1. For any F e D\_^{Cy) and any M G Dl^^{Vx) we have 
a canonical isomorphism: 

Rp^RHomv^^^{ir^M,tnom{{f x 0^^y)[dimy]) 

^ RHomv^{M,tnom{f-^F,Ox)). (5) 

Proof. We have pj = idx and j is proper so we may use the adjunction 
formula (7.4) of Theorem 7.2 of [13j for j, f^^F and p~^A4 to obtain a 
natural isomorphism 

Rnomv^^-{p-^M,tnom{RjJ-'F, Oj,^y)[dimY]) (6) 

~ Rj^RnomT)^{M,tnom{f-^F,Ox))- 

On the other hand, the equality If = {f x idY)j and Proposition 2.5.11 
of [13] entail the existence of a natural isomorphism such that, for any 
F G D^_^{Cy), RjJ'^F ~ (/ X idyT^RkF which, composed with ([6]), 
gives (0711 • 

q.e.d. 

Corollary 4.2. /ri i/ie situation of Proposition we have 
SS{RHomv^{M,trLom{f-^F,Ox))) 
Cp^Pd{SS{RHomv^^-{p-^M,tnom{{f x idy)-^ RhF,0 ^^y)))). 
Proof. It is a consequence of the properness of p on the support of 
R?^om7?^^_(p-iM,tHom((/ x idy)-^RhF,0^^y)). 

q.e.d. 
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Proposition 4.3. Let f = f x idy. 

Then, for any M. G D^^^f^{Vx), we have 

Pnpf{T\c}ip-'M))) = f-\C}{M)). 

Proof. Let q : T*{X xY) ^ T*X be the projection. Since Cj{p-^M)) C 
T*{X\Y) X Y, by Remark O we have 

P.PlHJ'\cj{p-'M))) = q{T\c^{p-'M))). 

By Lemma ETH] we have q{f {Cj{p^^M))) = f^^C^f{M) which ends the 
proof. q.e.d. 

5 Cauchy-Kowalevskaia theorem and propagation 

Let X C C" X be an open neighbourhood of of the form X = Z xY , 
with Z C C" and Y C C^. / will stand for the projection X ^Y . 
We shall consider a differential operator P G T^x\Y of the form 

P{z,y,D,,Dy) = D':i+ ^ a,(z,y)Z?^,D^,^,|a| <m, (7) 

0<j<m 

where a = {a2, •••,an) G N"^-*^, = D'^^...D'^^ and where the coefficients 
aa{z,y) are holomorphic in a neighbourhood of in X. 

Let n be an open convex subset in Z and let /i G C. We note and 
H, respectively, the hyperplane in Z given hy zi = h and zi = 0. Let 6 be 
a real positive number. Following J.M. Bony and P. Schapira in [8j, is 

6 — Hh — flat if, whenever z G and z G Hh satisfy 

\zi - h\ > 6\Zj - Zj\j=2,...,n 

then z G ri. 

Let now Q be an open subset of X. We shall say that 0, is Y —5—Hh— flat 
if, for any y G 1", f~^{y) fl is 5 — -ff/i — //at in Z. 
In this situation we have: 
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Proposition 5.1. (Precised Cauchy Theorem) Let U be an open sub- 
analytic set of Y . Let P be an operator of the form Then there exist 
an open neighbourhood VLq ofO(^X and 6 > such that, for any h, for any 
open subset C ilo which isY — 8 — Hh — flat, for any 

f ^T{^-n\tnom{Cz^u.Ox))) 

and for any 

{g) = {gj)j=o,...,m-i G nnnHh X F; 7^0(mom(CH,xC/, OH,xy))r, 
the Cauchy Problem 

Pu = f,j{u) = {g), (8) 
where ^{u) = (uIh^xY, D^^u\h^xy), admits a unique solution 

ue T{^-n\tHom{CzxU,Ox))). 

Proof. We shall adapt and follow step by step the proof of Theorem 2.4.3 
of 0. 

For an open set Q. and / G r(i7; H^{tHom.{CzxU} C'x))), for any compact 
K Ci^ and any G N, we set 

(i) \f\K,k= sup \f{w)d{w,5{Z xU))''\. 

Knzxu 

Therefore, the Cauchy data / and (g) satisfy the following condition: 
for any compact K C ^ (respectively K' C ^ Hh x Y), there exists an 
integer k >0 such that \ f\K,k < +oo (respectively, for each j = 0, ...,m — 1, 
\9j\K',k < +oo). 

Let K he a compact subset of Z x Y. For (z, y) = (zi, z' , y) E we set 

(a) dz',K{z,y) = inf{sup ||z' - z'\\] (zi, z ,y) G 5K}. 
The operator P may obviously be written in the form 

P{z,y,D,,Dy) = D^^+ D'^'Dia'^j{z,y),\a\<m, (9) 

0<j<m-l 



16 



where the coefficients a'^{z,y) are holomorphic in a neighbourhood ^Iq of 0. 

It is clear that, for any open subset O C l^o and / G H^{t7iom{CzxU, C>x))), 

there exists Cq > such that 

\a'af\K,k<Ca\f\K,k- (10) 

We shall construct the solution n of ([8]) by successive approximation, defining 
recursively a sequence 

G T{n;n''{tnom{CzxU,Ox))) 
by setting uq = and Ujy+i being the solution of the Cauchy Problem 
D^^Uu+i = f+ ^ D'^,Diy^Uu,Dl^u^+i\HxY = 9j,j = 0,-,m-l. 

0<j<m-l 

(11) 

Let us note Vi, = u^+i — Uy. We get = 

Df^vo = f,Divo\HxY = gj,j = 0,...,m - 1 (12) 

and 

DT,Vu+i = Yl ^z'DiyajVu, DIv,+i\hxY = 0, \a\ < m (13) 

0<i<»n-l 

We may assume that h = 0. By the assumption, for any given compact 
subsets K C ^l, K' C ft n Hh Y , and a given /c G N, \f\K,k < oo and 
\9j\K',k < oo, for all j = 0, ...,m - 1. 

Let us fix a given v, let us assume that 5 > is given such that fl is 
Y-6-H- flat and that G r(0; n^{tnom{CzxU, Ox)))- We wih prove 
that there exists a constant C, depending only on P and iloi such that, for 
K = Ki X K2, with i^i C Z, Ki being the closure oi Si 5 — H — flat open 
subset of Z, and K2 C 1", we have 

\Vu+l\K,k <C5\v^\K,k- (14) 
Let us note K' = {Ki n H) x K2. 
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In view of (jlOp . it is enough to prove that, if 

w er{n;n\tnom{Czxu,Ox))) 

satisfies |if < +00 and v is the solution of the Cauchy Problem 

Df^v = D'^,Di^w, Di^v\HxY = 0,\a\ <m,j <m (15) 
then there exists a constant C, only depending on m and of f^o, such that 

\v\K,k < C6\'w\K,k < 00. (16) 
Remark that v is then the solution of the Cauchy Problem 

Df-^v = D'^,w,\a\ <m- j,Di^v\H>cY = 0,\a\ < {m-j),j <m. (17) 
We have, for such K and /c, [ifji^^fc = sup \w{z,y)\d{y,6U)'' ,t]iere- 

{z,y)£Kix(K2nU) 

fore, for any {z,y) G i^i x {K2 fl y.U) we have \w{z,y)\ < \w\K,kd{y,5U)^^ . 
Let z G ln\,{Ki) and let y G 1^2 H C/. By Cauchy integral formula, we get 

\D^M^,y)\ < \w\K,ke^"^{\a\ + l)ld{y,6Ur''d,,,K{z,y)-^''^- (18) 

Furthermore, we may assume 5 < 1 and diameter of l^o < 1- Hence 

\D'^,w{z,y)\ < kk,fcel"l(|a| + iy.d{y,SU)''d,,,Kiz,y)-"'+^ . (19) 

Since Int(ifi) is 5 — — flat, one easily checks that, for t G [0, 1], pt := 
(tzi, z', y) belongs to K (1 Z x U and that 

(1 — t)zi 

dz',K[Pt) > d^'^K{z,y) + I ^ 1 

hence, 

' D'^,w{pt)zidt\ < |«;k,feeH(|a| + l)ld{y,6U)-Hd,,^K{z,y)-"'^^^\ 





(20) 

Iterating m — j times this integration, we get 

|^;k,fc< kkfcel"l(|Q| + l)!5"-^ 
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and we can choose C = el°l(|Q| + 1)!. Therefore ()16p is proved which entails 
Remark that fo = G + ^ where G denotes the mth- 

j=0,...,m— 1 

primitive of /, vanishing up to the order m on H x Y. By assumption, 
\f\K,k, \9j\K',k < +00. Hence \vo\K,k < +00. Noting Cq = \vo\K,k, arguing 
by induction starting by ((E]), we get 

\vu+i\K,k<Co{C5y+\ (21) 

We may also assume that 6 < 1/C. Therefore the series ^ defines a 
holomorphic function u in ^1 Z x U satisfying the estimate |ti|_ft:,fc ^ 
CoJ2(.C^y < +00. Clearly, u satisfies Pu = f. Furthermore, by (fT5|) and 
(jl6p . if a holomorphic function u' defined in i^OZ xU satisfies jii'l^^fc < +00 
and Pu' = 0,7(n') = 0, then \u'\K,k < C6\u'\K,k, with 5 arbitrarily small, 
hence u'\k = 0. Therefore u is the unique solution of ([8]). q.e.d. 

Prom Proposition 15.11 one obtains the following tempered version of 
Cauchy-Kowalevskaia-Kashiwara Theorem (cf[llj): 

Theorem 5.2. Let X and Y he complex manifolds, let X ^Y he a smooth 
morphism and let M € Modcoh{T^x)- Let F G D^_^(Cy). Let H he a 
smooth manifold of X non 1- characteristic for A4 with respect to f and let 
f denote f\u- Then the natural morphism in D^{Ch) 

RnomT)^{M,tnom{f-^F,Ox))\H ^ RHomvH{MH,tnom{f'-^F,OH)) 

(22) 

is an isomorphism. 
Proof. Pirst case: 

Assume F = Cjj where [/ is a finite union of Stein open subanalytic 
relatively compact subsets of Y. Since the family of Stein open subanalytic 
sets is stable under finite intersection, it is sufficient to assume that U is 
Stein. 
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We may assume the following situation in a neighbohood of x: 
X = Z X Y , where Z is an open neigborhood of G C", Y is an open 
neighbourhood of G and / is the projection. 

Considering the associated symplectic coordinates in T*X, {z,y;(,T), 
with z = {zi, ...,Zn), by a coordinate transformation in X we may assume 
that H = {{z,y),zi = 0}. 

Moreover, by Remark 2.3, we may assume M = T>x/T^xP for a differ- 
ential operator P of the form ([7]). 

The result then follows immediatly from Proposition 15.11 

Second case: 

We assume that Y is the complexification of a real analytic manifold 
N and that F E L'^_^(Civ)- The assertion is locally checked so we may 
assume that F has compact support. Then there exists a finite filtration 
N = Nq D Ni D ...Ni = such that -F/Vj\Afj+i is a constant sheaf. Since 
Nj \ A'j+i is a locally closed subanalytic set, which is always the difference 
of two open subanalytic sets, it is enough to prove the result for F = Cu 
for an open subanalytic relatively compact subset of A^. Moreover we may 
assume that N is and Y = C^'. By Theorem we can write U as a 
finite union U = [Jj ftj fl M.'^, where each is Stein open subanalytic in 
C^. The assertion holds for |J^. by the first case. On the other hand, 
(^d \^ jg'^ ig a finite union of Stein open subsets, therefore the assertion holds 
for (Uj ^j) \ M'^ and hence for U. 

General case: 

It easily follows by Proposition 14.11 and the second case. q.e.d. 

The following Lemma is an adaptation of Zerner's Lemma: 

Lemma 5.3. Let U be an open subanalytic set ofY. Let (p be a C°° func- 
tion in a neighbourhood o/ G X such that (/)(0) = and d(j){0) = dzi. 
Let = {(z,y) G X : (j){z,y) < 0}. Let u G T{n;n°{tnom{CzxU,Ox))) 
and assume that Pu extends as a section of 'H^{tTi.om(CzxUi ^x))) in a 
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neighbourhood of 0. Then u extends to a neighbourhood of as a section of 
n^{tnom{CzxU,Ox))). 

Proof. In view of Proposition 15.11 the proof is similar to that of Lemma 
2.7 in [21]. We may assume that (p is defined in C il, with as in 
Proposition 15.11 and that Pu extends to Qq. By classical arguments, there 
exists < e <C 1 and R > such that the open polydisc centered in (— e, 0, 0) 
and radius max {R,6R) is contained in Qq. Then, 

= {{zi,z',y) : |zi + e[ < 6{R - H^'H), ||z'|| < R, \\y\\ < R} C 

is Y — 6 — -ff-e — f^cit and is a neighbourhood of 0. Again by Propo- 
sition 15.11 the solution of Pu^ = Pu, 7(ne) = j{u) defines a section of 
n°{tnom{Czxu,Ox))) on W,. 

q.e.d. 

The preceding Lemma has a global version adapting Lemma 3.1.5 of |19j: 

Lemma 5.4. Letuj and Q be two convex subsets in X, with Q. open, uj locally 
closed and UJ C fi. Assume that any real hyperplane whose conormal belongs 
to the closure of {^]3x E E Cj{T>x/T>xP)} which intersects 

also intersects uj. Then, ifu E T{uj;T-L^{t'Hom{CzxU:C)x))) is such that Pu 
extends to Vt, u extends to il. 

As an easy consequence of the Analytic continuation principle for holo- 
morphic functions we obtain: 

Lemma 5.5. (Analytic continuation principle) Let f : X ^ Y be a 

smooth morphism. Let Q be a subanalytic open subset of X such that, for 
any y ^ U , ^ H f^^{y) is non empty and connected. Let uj C be an open 
subset such that, for any y £ U , u) (1 f^^{y) is non empty. 

If u € T{Q;H^{tHom{Cf~i(^jj^,Ox))) vanishes on O, then u = 0. 
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Lemma 5.6. (Propagation) Let X and Y complex manifolds and let f : 
X ^ Y be a smooth morphism. Let U be a finite union of Stein subanalytic 
relatively compact open subsets of Y. Then, for any M. € D^cohi'^x), we 
have 

SS{Rnomj,^{M,tnom{Cf^iu,Ox))) C C}{M)\x- (23) 

Proof. We may assume U is Stein. Let p = (x,^) ^ f—l{Cj{A4)). As 
above, we may assume that x = € C""*"*^, X = Z x Y , where Z is an open 
neigborhood of E C", Y is an open neighbourhood of G C^, / is the 
projection and p = (0, 0; dzi, 0). Moreover, we may assume A4 is of the 
form T>x/T>xP for a differential operator of the form 

P{z,y,D,,Dy) = D^^+ a^{z,y)D'',,DlM<m (24) 

0<j<ra 

where a = (a2, •••,an) € N"^-'^, = D"^...D^^ and where the coefficients 
(i-a{z,y) are holomorphic in a neighbourhood VLq of 0. Let Ti denote the 
complex YU-Lom.xix{M.,tl-iom.{<CzxU-,C>x))- Let ^o,6 be given by Proposi- 
tion [5TTJ We shall apply Proposition 12.41 and prove that, for < e ^ 1 and 
< i? ^ 1, denoting by uj the open polydisc of center (0, ...,0) and radius 
R, Bji{0), by = {{z,y) E X;^{zi) > — e}, and by 7 the proper closed 
convex cone of C""*"'^ 

7 = {(zi,z',y),Rezi < -J(l|(/,y)|| + |Imzi|)}, 

we have 

H^X; C((^^j^)+^a)n//, 7^) = 0, for anyj, {z, y) G uj. 
By ([3]), it is enough to prove 

®tnom{Cz>,u,Ox)) = 
ii) P defines an isomorphism in '^^^(^; C((2 j^j+^a-jnji^^ ^ tHoin{CzxUjOx))- 
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Let us prove i): 

Let s € T{X;C(^(^z,y)+'y)nHt 'S) t7iom{CzxUT(^x))- Then there exists 
{z', y') G oj such that s extends as a section s' of r((z', y')+int(7); t'Hom.{CzxU ■, Cx)) 
with support in iJ^. Let 7' denote the closed convex cone of C" defined by 

7' = {(zi,z',),Rezi < -5{\\z'\\ + llmzil)} 

Then, for any y' € U, the holomorphic function in the z variable s'{.,y') is 
defined in 2: + Int(7') and has support in {z,Rezi > — e}, hence vanishes 
which entails s = by Lemma 15.51 

The proof of ii) follows from Lemma 15.41 and the stepwise adaptation of 
Proposition 5.1.5 of [13] by a classical argument (see [19], [2T]). 

q.e.d. 

Proposition 5.7. Let X and Y complex manifolds and let f : X ^ Y be a 

smooth morphism. Assume that Y is a complexification of a real manifold 
N. Let F belong to D^_^{Cn)- Then holds for f-^F. 

Proof. The estimation Q is locally checked so we may assume that F has 
compact support. Then there exists a finite filtration N = Nq D Ni D 
...Ni = such that i*Arj\Afj+i is a constant sheaf. Since Nj \ Nj^i is a locally 
closed subanalytic set, which is always the difference of two open subanalytic 
sets, it is enough to prove the result for F = Cjj for an open subanalytic 
relatively compact subset of A^. Moreover we may assume that N is M'^ and 
Y = C^. By Theorem 13. 2| we can write [/ as a finite union U = [Jj HM'^, 
where each Qj is Stein open subanalytic in C^. By Lemma [5.51 (HD holds for 
Uj ^j. On the other hand, \ R'^ is a finite union of Stein open subsets, 
hence holds for (IJ^- \ which ends the proof. 

q.e.d. 

Proof of Theorem \2A0\ 
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By Corollary 14.21 we have 

SSiRHomj)^ {M, tnom{f-^F, Ox))) 

C p^pd{SSiRnomv^^-{p-''M,tnom{f x idy)'^RhF,0^^y))). 

where p : X x Y ^ X denotes the projection. The result is then an imme- 
diate consequence of Proposition 15.71 together with Corollary 14. 3i 

Proof of Theorem 12.141 
It is an immediate consequence of Proposition 15.71 

In the case of a product, / being a projection, there is a particular class 
of P-modules for which estimate in Theorem 12. 101 is easily improved. 

Corollary 5.8. Assume that X = Z x Y , note p : X ^ Y the first pro- 
jection, f : X ^ Y the second projection and q : T*Z x T*Y T* Z the 
projection. Let M. G D^^f^{Dz)- Then 

SS{Rnomx,^{p-^M,tnom{r^F,Ox))) C q-\Char{M)). 

Proof. Reducing first to ^A in degree zero, and secondly to ~ Vz/J^, for 
a coherent ideal of Vx, one easily checks the equality 

rHcjip-'M)) = q-\ChariM)). 

q.e.d. 



6 Microlocalization 

6.1 1-microcharacteristic varieties 

Let y be a smooth involutive subamanifold of T*X \ T^X, let £x{'ni)m€.'L 
denote the filtration of £x by the order, and let Jy denote the subsheaf of 
£x of microdifferential operatos of order at most 1 whose symbol of order 1 
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vanishes on V. Let ly C Ot*x be the defining ideal of V. One denotes £v 
the sub-sheaf of rings of £x generated by J'v, 

£v = Um>oJ'™'- 

For P E f y n £x{m), P ^ £x{rn — 1), one defines cry{P) as being the 
image of (t{P) in ly/Iy'^^ . Hence ay{P) defines a holomorphic function on 
Tv(T*X). 

Let be a coherent ^^x-module. By the constructions of [22\ and |23J, 
one associates to A4 the 1-microcharacteristic variety along V, a conic ana- 
lytic subset of Ty{T*X), satisfying, lov M = £x/,J, & coherent ideal of 

£x , 

CliM) = {pe Tv{T*X)-a\,{P){p) = 0, VP G ^v}- 

The definition extends naturally to L'^^^(£'x). Recall that, by (5.5.10) of 
[13], we get an embedding T*X ^ T*{T*X) associated to the embedding 
of X in the zero section of T*X. Let / : X ^ y be a smooth morphism and 
set V = T*Y xy X. Note hj V = V \ T^^X. Then tt-^Vx\y C £v, more 
precisely, it is equal to n^^Vx n £v - 

Let now M G Dl^y^{'Dx) and set = £'x ^tt-id^ tt^^M. 

Lemma 6.1. i?-Vy^(Cy (-^)) = ~f'^{C}{M)). 

Proof. We may assume that Ai is concentrated in degree zero and A4 = 
Vx/C for a coherent ideal C C and assume that f: X = ZyiY^Y 
is the projection. Taking local coordinates (z, y) in X and the associated 
canonical coordinates (z, y; ry) on T*X, we get V = {(z, y; ry) € r*X, ^ = 
0}. The result follows for, for P G T>x\Yi one has 

4.(P)(z,2/,0,r?;O = a(P)(z,2/,O. 

q.e.d. 
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6.2 Estimate for tfihom 

Let us recall the construction of the functor tfihom{-, Ox) of tempered mi- 
crolocalization of 

Let X'^ be the complex normal deformation X x X along the diago- 
nal A which we identify with X by the first projection pi, which gives an 
identification of TX with the normal bundle T/\{X x X). Let t : Jf^ C 
and p : jf^ X x X he the canonical maps, let Q be t~^(C — {0}) and 
$7 = t~^(M+) C Cl. Let p2 : X X X —> X he the second projection. 

Consider the following diagram of morphisms: 

TX ^Ta{X X X)^ X^ <^n = t-'^{R-^) (25) 

Let p : ^ X X X, he the restriction of p. Denote by p^ the composition 
Pi o p and by P2 the composition p2 o p. 

Under these notations, ti'hom{F,Ox) is defined by 

tvhom{F, Ox) = r^Rnomv^ci'^xc_,x,tnom(^2^F ® Cq, O^c))- 

PI 

Let D'^+{Ctx) (resp. D^+{Ct*x)) he the derived category of complexes 
of sheaves on TX (resp. T*X) with conic cohomologies. We denote by the 
symbol ^ the Fourier-Sato Transform from -D^+ (Ctx) to {Ct*x)- Then 
by definition, tfihom{F, Ox) = tvhom{F, Ox) ■ Let us recall that under the 
identification of T*{TX) with T*{T*X) by the Hamiltonian isomorphism we 
have SS{F) = 55(Ff for any F £ D^+{Ctx)- 

Remark that for any coherent Px-module A4, one has 

RHom^^iTy^{Tr-^M,tphom{F,Ox)) (26) 
~ RT-Com^-iD^ {T'^M,tvhom{F, Ox)) ■ 

Theorem 6.2. Let M G D|J^^(Dx)- Let f : X ^ Y be a smooth morphism 
and let V = T*Y xy X . Then 

SSiRnom£^{M,tfihom{f-\F),Ox))) C pyHcl.{M)). (27) 
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Proof. By ([26|) it is suffitient to prove the analogue of (p7|) with tfihom{F, Ox) 
replaced by tuhom{F, Ox)- Moreover, the assertion being local, we may as- 
sume that f : X = Z is the projection. We have 

RrLom^-ij)^{T'^ M,tvhom{F,Ox)) 
~ i-^Rnomj)^^{p^{M),tnom{p2^f-^F Cn, O^c)) 

By Proposition 6.6.2 of [13], we have an inclusion 

SS{ r^Rnomj,c{p^{M),tnom{p^^f-^F^Cn,Oj^c))) (28) 
C i\SS{Rnomj)^^ {p^{M),tnom{p2^f-^F ^ C^, O^^)))). 

Endow X X X with the system of local coordinates {x,x'), so that A C 
X X X is defined by x = x'. Under the change of coordinates : x, y = x — x' , 
A will be defined by y = 0. Using {x, y), X*^ is endowed with the coordinates 

{t,x,y), and 

P{t, X, y) = {x,x- ty), pi{t, X, y) = x, and P2{t, x,y) = x-ty (29) 

We may assume that the local coordinate system x is of the form x = {z, u) 
such that /: X ^ Y is given by {z,u) i— > u. Then V = X xy T*Y is given 
by U = {{z,u;S,,ri);(, = 0}. Set y = (z',u'). Let /2 denote the smooth 
morphism jf^ ^ Y x C given by 

f2{t,x,y) = {f op2{t,x,y),t) = {u- tu',t). 

Let {t, z, u, z' ,u'; r, ^, r/, r/') be the associated coordinates of T*{X'^). 
Since P2^f~^F ^ Cq = f^^iF x Cq), by Theorem E^O] we have: 

SS{Rnomv^^{MM),tnomip2^f-'F^Cn,Oj^c))) C f2'\c%{MM))). 

(30) 

By ([28]) and §0^ we get 

SS{Rnom,-,j,^{T-'M,tuhom{f-'F,Ox))) C iKf2'\c}^{Pi{M)))). 

(31) 
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Therefore it is enough to prove the inclusion 

We may assume that M is concentrated in degree zero and is of the form 
M. = Vx/J for a coherent ideal J. We have 



Since {Dz',J fl Px|y) C I^x'c^yxC 

/2"' (Pi(-^))) C {(t, z', u'; r, ^, 77, r?'); e' = 0, a(P)(z, n; = 0, VP € Jn^^ir}- 
Hence 

^''(/2 ^ {C%{PiiM)))) C {(z,^,/,^',^, 77,0,77') e r*(TX);3(t„,2;„,u„,4,^^n;'rn,^n,%,0,77^), 

tn -^0,Zn^ Z,Un ^U,^n^ ^,rin ^ V^rf^ ^ 7?', |t„r„| ^ 0, (7(P)(2;n, Itn; Cn) = 0, VP G J'nPxiy} 

C {{z, u, z', u', ^, 77, 0, r?'); a(P)(z, e) = 0, VP e J n I?x|y }• 
Recall that the identification of T*{TX) to T{T*X) is described by: 

T*{TX) B {z,u,z',u';^,r],e,7i') ^ iz,u,e ,v'; z' ,u' ,^,r,) G T{T*X). 

Hence 

i«(/2"'(C/, iMM)))) C {(^, ii, 0, 77'; z', u', 77) G T{T*Xy,aiP){z, u; = 0} 

= {{z, u, 0, z', u', r/) G T{T*Xy, a\. iP){z, u, 0, r?'; = 0, VP G J^nfy } = Py\C^. (M)). 

q.e.d. 
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